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We give the formulation and numerical assessment for using six degrees of freedom at each node of 4-node
continuum mechanics-based quadrilateral shell elements. The formerly published MITC4 and MITC4 + shell
elements are considered and extended to now include the drilling rotational degrees of freedom at the nodes.
Including these degrees of freedom enables the modeling of shells with beam elements and shell surfaces
intersecting at large angles and in addition results in an improvement of the membrane behavior of the elements.
The elements pass all basic tests, show alleviated locking behavior in the analysis of general curved geometries
and show close to optimal convergence behaviors in the analysis of the “all-encompassing™ shell test problems.

1. Introduction

An effective numerical scheme to analyze shell structure is of high
importance [1,2,3,4]. In finite element analysis, continuum mechanics-
based shell finite elements have been widely adopted because these el-
ements directly couple the membrane, shear and bending behaviors. The
element behaviors are described using five degrees of freedom at the
nodes. We consider here the MITC4 and MITC4 + shell elements which
are very effective in the analysis of shells [5,6,7,8,9]. However, since the
elements do not carry three rotational degrees of freedom at the nodes,
they cannot directly be used in the modeling of intersection shells at
large angles or shells with beam elements.

Another benefit of including the drill rotation in the formulations of
shell elements is to possibly improve the element in-plane behavior. The
possible improvement of the element behavior by using the drill rotation
was first studied for plane-stress elements by Allman [10,11] and then,
for example, also in Refs. [12,13,14,15]. The kinematics involved the
inclusion of a quadratic interpolation of displacement at the fictitious
mid-side nodes of the elements. However, the focus in these works was
largely on using flat elements. An effective formulation for general shell
elements is much more difficult to reach.

We should recall that considering the behavior of general shell
structures, the membrane and bending actions are fully coupled and this
coupling needs to be properly included within the domain of each finite
element in the finite element model. Geometrically flat elements may not
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properly represent this behavior and indeed not provide acceptable
convergence behavior, see Ref. [1].

When developing a general shell element, difficulties can arise in
passing the basic element tests, that is, the rigid body mode, isotropy and
patch tests. Specifically, when considering the patch tests, only the
minimum degrees of freedom to prevent a rigid body motion should be
fixed, that is, the drill rotations should be left free [6,15], and this should
be possible without special procedures, that is, without including arti-
ficial factors or stabilization schemes.

In this paper, we propose a new formulation to include the drill
rotational degree of freedom for quadrilateral continuum mechanics-
based shell elements (that, in general, are not of flat geometry). We apply
the approach to our original MITC4 shell element [3,6] and the MITC4
-+ shell element [5,7]. We denote these elements by using the suffix “/ D”
to have the denotations “MITC4 / D” and “MITC4+ / D”. We study the
element behaviors considering the basic tests including the patch tests in
membrane, shear and bending actions, and their convergence behaviors
in the analysis of shell strcutures, as proposed in Refs. [1-5]. These tests
may also show an improved membrane behavior. In addition, we also
illustrate the use of the novel elements in the solution of some nonlinear
problems.

2. New shell finite elements

In this section, we briefly review the formulation of the MITC4 and
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Fig. 1. A standard 4-node quadrilateral continuum mechanics-based shell finite element and geometry-vectors. (a) Element geometry. (b) Vectors related to the
fictitious plane at the element center. (c) Vectors related to element distortions and edges.

VD

Fig. 2. Rotations and projections. (a) The drill rotation direction. (b) The coordinate systems for projecting rotations.

improved MITC4 + shell elements, and then enhance the element for-
mulations by introducing the effects of the drilling rotations.

2.1. Geometry and displacement interpolations

The geometry of a standard 4-node continuum mechanics based
quadrilateral shell finite element is interpolated using [4-8]

N~

x(r,s,t) = X:h,-(r7 $)x; +

4
i=1

4
X:aihi(r,s)V';l D)
i=1
where h;(r,s) is the two-dimensional interpolation function of the stan-
dard isoparametric procedure corresponding to node i, x; is the position
vector of node i in the global Cartesian coordinate system, and a; and V',
denote the shell thickness and the director vector at the node, respec-
tively, see Fig. 1.

The isoparametric interpolation functions h;(r,s) are given by

hi(r,s) = %(1 + &) (1 +ns) withi =1, 2, 3, 4,

and

(&1 & & &l=[1 -1 -1 1]
' @
(m nm ns m]=[1 1 -1 -1]
The corresponding displacement interpolation of the element is
4 £ )
u(r,s,t) = h;(r, s)u; + = a;h;(r,5)(0; X V,, 3a
(5.0 = D R(rs)uct 5 > a0 V) (32)

in which u; and 0; are the nodal displacement and rotation vectors in the
global Cartesian coordinate system (iy, iy, i),

u; = uld, + i, + i, (3b)
0, = 0.ix+6i, + 6., €9

and Vi and Vi, are unit vectors orthogonal to Vi, which can be given by

Vi = (i x Vo) /[y x Vi

; Vi =V x Vi (3d)
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(c)

Fig. 3. Kinematics of in-plane rotations. (a) Locations of fictitious mid-side nodes. (b) Interpolation along the edges. (c) Directions of in-plane displacements.

We note that the geometry of the element x; is, in general, not a flat
surface.

The geometry and displacement derivatives are given by

ox Jdu
=—u;=— with r, =r,r, =s,r3 =t. 4a

8 o = o 1 T2 3 (4a)

The covariant derivatives for the 4-node element can be further
expressed as

fa—xfx +sx4, U fa—ufu + i
g,—ar— T ds ,r—ar— T Uq,
ox Ju
gx:E:xx+rxd,uvs:g:us+rud, (4b)

with the following characteristic geometry and displacement vectors

1¢ 1¢ 14
U=y Zfiui:u: =2 Z”iuhud =2 Z«fimui (4c)

where the vectors x;, x5 and x; shown in Fig. 1 arise naturally from the
element geometry.

In order to pass the rigid body mode test, the drill rotation for a 4-
node shell element needs to be defined from a single base. Considering
the 4-node shell element, there is a plane P (see Fig. 1(b)) given by ge-
ometry derivative vectors that is always flat [7,8]. We define a normal
vector to the plane at its center to establish the direction of the drill
rotation, see VP (Fig. 2(a)),:

b X XX

\% = Xr :gr(070=0)7xs :gs(070$0): (5)
ll: x x|

with g; in Eq. (4a).
In the formulation we distinguish between the rotation at the node
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due to the action of the nodal drill (see Fig. 2(b)),

o = oPVP (6a)
and the standard rotation

0; = Vi +5,Vy (6b)

where 6P is the drill rotation about the direction of V7.
The total rotation at the node is the sum of the two rotations

0, =6 +07 (6¢)
0, = a’iVil +ﬁivi2 + ViV:. (6d)

and a change in the rotation ; is given by the change in ¢?
8y, = 807 (V, V") (6e)

where as usual “5” denotes “virtual”.
We also have that the total drill rotation is given by

‘9? = ai(V'i'VD)""ﬂi(viz'VD)""?’i(V;‘VD) (60

We note that the rotations (a;, f;, 7;) in Eq. (6d) are only used to update
the director vectors (Vi, Vi, Vi) [5,9], and the components in Eq. (6d)
give directly the global components in Eq. (3¢), and vice versa.

To establish the strain-displacement matrices of the element we
apply Egs. (6a) to (6¢) sequentially. As we present below, we use the
rotations «9? in Eq. (6a) to establish the element strains due to the drilling
rotations at the four corner nodes. Thereafter we add the strain com-
ponents that are not due to the drilling rotations at the nodes.

The linear terms of the displacement-based covariant strain compo-
nents are given by

1
e = 3 (&u;+gu;) (7

We can write the covariant in-plane strain components in Eq. (7) as
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Fig. 4. Description of displacement tying. (a) The base vectors of each edge
o =g, |< n sy At the mid-point of the edge I). (b) Displacement field constructed

from normal displacement due to drill rotation (deformation shown with 67 =

6,65 = —0,6 =6,65 = —0).

S X Tying points
1
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Fig. 5. Tying positions (A), (B), (C) and (D) for the assumed transverse shear
strain field of the MITC4 shell element. The constant transverse shear strain
conditions are imposed along the edges.

X Tying points

O : Gauss points
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eij:eg‘—&-tegl—&-tzegz with i,j =1, 2 (8a)
1 (0x, ou, 0x,, Ou,
m __ _ [ ZZm Tem o, Tem T Tm b
K 2(0r1~ o, or, 0ri> (8b)
b 1 (0xy Owy  O0xp 0wy OXp OUy — OXp OU,
e =- (8¢c)
v 2\0r; oy Orj oy Or; Oy  Or O
1 (0x, ou,  0xp Ou
b2 _ 1 b % | F T
y 72<6r1- arj+0r,~ 0r,») (&)
with
4 14 )
X = Y hi(rs)xix =5 Y _ahi(r.s) V,, (92)
= =1
4 1 )
U = > hi(r,s)us,up = 3 > aihi(rs) (0 x V) (9b)

|
—

i=1 i

The first term ef} in Eq. (8a) is the covariant in-plane membrane strain at

the shell mid-surface (¢t = 0), and the remaining terms are the covariant
in-plane strains due to bending.

2.2. New interpolation functions and development of kinematics

In the formulation to include the drill rotation we create just a single
additional interpolation function (along the edges) to have stability of
the element for in-plane rotations, pass the patch test when the rotation
is free (without use of a special procedures, see Refs. [5,6,7,15]) and
improve the element behavior.

Hence, consider in addition to the interpolation functions h;(r,s)
corresponding to the corner nodes, see Eq. (2), also the mid-side node
interpolation functions corresponding to the “fictitious” nodes 5, 6, 7, 8
located at the mid-points of the element sides as shown in Fig. 3(a)

[hs he h; hs]

- %(1752)(1—4-7') %(142)(1“)

(1-s)(1-r) z(1-r*)(1-s)

10)

N+~
N =

where we shall use the following notation with I denoting the edge and
m the fictious mid-side node k!, = hy;, b}, . = h;;.To proceed we then
simplify the derivatives of these functions and use

X : Tying points

(b)

Fig. 6. Tying positions for the assumed membrane shear strain field for the MITC4 + shell elements. (a) For the internally embedded strain Eg‘. (b) For the final shell

membrane strain eg?.
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Fig. 7. Patch tests. (a) Mesh used. (b) Bending patch test. (c) Shearing patch test. (d) Extension patch test.
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Fig. 8. Straight slender cantilever (E = 1.0 x 107, thickness 0.1, v = 0.3). (a)
Mesh type 1, (b) Mesh type 2.
Table 1
Vertical deflection ( —uy) at the tip (average of displacements at nodes near point ¥

A) for the slender cantilever problems.

Mesh
Elements Mesh type 1 Mesh type 2
MITC4 0.010088 0.00290874
MITC4-IC 0.107328 0.00569730
MITC4 /D 0.0976755 0.00550604
MITC4+ /D 0.0976755 0.00550838
Reference solution 0.1081

Fig. 9. Thick curved beam problem (Plane stress condition, 1 x 4 mesh, E =

1.0 x 10®

A 4

L
“

10

and v = 0.0, unit thickness).

v
A

5
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Table 2
Vertical displacements at the tip (point A) for the curved beam problem.

Elements Regular mesh
1x2 1x4 1x8
MITC4 22.5988 57.9325 79.9218
MITC4-1C 52.2291 84.6070 89.3023
MITC4 / D 51.2489 84.1086 89.1698
MITC4+ / D 51.2692 84.1444 89.2077
Reference solution 90.1
12 40
y
L, ;
o 2 T T T
(a)
12 40
¥
L, ;
* 16 T g T 20
(b)

Fig. 10. Cantilever beam with roller support (Plane stress condition, 1 x 4
mesh, E = 3.0 x 10* and v = 0.0, unit thickness). (a) Regular mesh. (b) Dis-
torted mesh.

Table 3
Vertical displacements at the tip (point A) for the cantilever problem.

Elements Regular mesh Distorted mesh
MITC4 0.235608 0.203966
MITC4-1C 0.347810 0.342552
MITC4 /D 0.347810 0.339249
MITC4+ / D 0.347810 0.341015
Reference solution 0.347810
~ ~ ~ ~ 1 1
hS.,r h6,r h7,r h&r} =10 E( - 27‘)(1 + S) 0 5( - 27‘)(1 - S) ’
~1 ~
hm.r = hl.h
(11a)
~ ~ ~ ~ 1 1
hs hos hyy he]=|5(=29(1+1) 0 S(-291-1) 0],
~I ~
hm.x = hLS

(11b)

where we use the “curl” to signify that simplified functions are used.
Here the zeros in Eq. (11b) are introduced to avoid a higher order of
numerical integration than used with the original elements. The
important point is that this simplification can be used with the basic and
patch tests still satisfied, and we also see good convergence behavior.

We remark that the idea of using modified higher-order interpolation
functions can be also found in Refs. [16,17].

Next, we need an expression for the displacements at the fictitious
nodes, and we employ the expressions proposed by Allman [10,11] and
Cook [18]. We use for the tangential displacement identified using the
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subscript t along the edge at node 5, see Fig. 3(b),

l l
w(l) = (1 - E) uf +Eu} (12a)
where the superscripts 1, 4, 5 denote the nodal values, the length of edge
is Ls and l is the coordinate value along the edge, see Fig. 2(a) and Fig. 3
(b). The normal displacement along the edge of node 5 is given by a
quadratic interpolation

l l 4 [
5 _ _ 4 1 _ 5
u(l) = (1 L5> u, +L5u" +L5 (1 L5> o,

where the last term corresponds to the normal displacement at node 5
(along the edge of node 5 between nodes 1 and 4) measured from the
linear displacement given by the first two terms on the right-hand side of
Eq. (12b).

The value of 63 is measured as all other nodal rotations, see discus-
sion below, and can be obtained from the boundary condition

(12b)

S 5
ou, _dup

o . a Y = —0,+6, (12¢)
Hence

L L
93:§(94—91):§5(93_911)) (12d)

We use the same assumptions for the displacements due to drill rotations
along the other 3 edges on which the mid-side fictitious nodes 6, 7 and 8
are located.

A key point in our solution procedure is that we utilize the vector V?
at the element center about which to measure all rotations at the nodal
points (that is, we use ¢; = 9? for all nodesi=1, 2, ... 8, hence all nodal
drill rotations are measured as drill rotations about the same vector V?).
It then follows that continuity between edge displacements is always
obtained, and the rigid body mode test is always satisfied even when the
shell element is curved.

Our objective is to now obtain the total element strain over the
element domain.

Consider the displacements corresponding to the in-plane directions
shown in Fig. 3(c). The transformation to tangential and normal di-
rections in Fig. 3(b) gives

dm +um =l i, +uld (13a)
in which x,,-m’s = §; where §; is the Kronecker delta.
The tangential and normal directions at the edge I are
i, = /||| i =& x VP (13b)
and we have
1 1 1 1
[ x5, X7, x| = g(Xa—x1) g —x2) (a2 —x3) o(xs—x4)
(13c)

The displacement field introduced in Eq. (13a) will lead to a strain
definition in covariant coordinates. Note that unlike the displacements
which occur in the element natural directions (r and s), the displace-
ments in Eq. (13a) are defined using the fixed coordinate system (m" and
m®), hence, additional terms due to a change in the basis vectors (x, and
x;) will not arise. The coordinate systems defined at each edge (x! and
x!) are shown in Fig. 4(a). Here xﬁi =g, |<
I

) at the mid-point of the edge
From Eq. (13a) we obtain for the displacement components on the
edges

I I = Iz I I = Iz
Ul = uh dyxl 4wl et Ul = 1 iy +ul iex

s

(14a)
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1
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0 30 60
0
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90

(c)

Fig. 11. Cylindrical shell problem (E = 2.0 x 10!}, v =1/3,L = 1.0 and py = 1.0). (a) Problem description with graded regular mesh (8 x 8 mesh, t/L = 1/1000).

(b) Pressure distribution. (c) Distorted mesh used (8 x 8 mesh).

the element to pass the patch test, we use

= () fd = () i,

(14b)

where u(1) is the drill rotational effect along the side I and at the point
given by [, for example,

B = hi (1 - L) 63, similar for edges 6, 7, 8. (14¢)

T Ls Ls
Here u is the displacement normal to the edge due to the drill
rotation at the edge (given by the drill rotations at nodes 1 and 4).
Using the above equations, we have for each edge I

40 = . [0, < V<) (14d)
D = gy (0% % V) (140

m

The continuous displacements over the elements due to the drill rota-
tions are then obtained by interpolation and summing over the respec-
tive edges I

Ly 1 [ ol
2) = [t

u, = hLul( )k x VP | (15a)

%2

L; 1

N O ) N _H II;’ DI,
e = Btd(5) = | ~ Mo x V), (15b)

in which we usel = % for each edge because the tying is performed at the
fictitious nodes and also ||xL,|| = L.

Using the geometric relations (Eq. (12d) and (13c)), the displace-
ment fields assumed in Eq. (15) reduce to

0(0) = hy (67, — 0°)xl,-(— % x VP)

i

L(0) = (6%, — ) - (x x VP)

i

(16a)

where the edge I corresponds to nodes i and i + 1. Eq. (16a) is the
displacement-based interpolation of the drill effect with the standard
mid-side interpolation h}, = h; given in Eq. (10).

Next we use the ‘assumed interpolation’ at the edges. By applying Eq.
(11) to Eq. (16a), we obtain

B (0) = R (68, — 0P)xty (— 20 x V),
~1

Us(0) = —hy, (021 — 67)3,: (x5 x V7)

(16b)

As we mentioned earlier, all drill-rotations are defined for the curved
shell as rotations about the normal VP to the plane P formed by
adjoining the fictitious nodes. The calculated values are then projected
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Fig. 12. Convergence curves for the clamped cylindrical shell problem with (a) the graded regular and (b) distorted meshes. The bold line represents the optimal

convergence rate.

back to the nodal locations using Eq. (6). Proceeding this way, that is,
using the rotations about V? , leads to satisfying the element isotropy
test and rigid body modes test, and even when the element is not flat
(Fig. 1(c) and 2(b)).

In addition, it is valuable to note that using the single normal to the
plane P results in an overall improved element behavior when compared
to using a changing normal over the element geometry.

2.3. The new membrane strain due to the drilling degrees of freedom

Using the displacements in Egs. (15) to (16), we have the strain as

1
€;(0) = 3 (T + ) (17a)
_ Jol/- -
ej(0) = 7 3 (uiJ + uj.i> (17b)

with the indices i and j = 1,2 corresponding tor; = randr, =s. We also
usej =det[g, & &]lys0) andjo =j(0,0,0). The strain in Eq. (17a) is
the usual displacement-based strain and the strain in Eq. (17b) is an
approximation that is simple, relative to the value used in Ref. [20], and
when used leads to satisfying the patch tests.

Substituting from Eq. (16b) into Eq. (17b), the individual compo-
nents for the “drill-membrane” strain (identified using the superscript
‘md’) are

@ = (o 1) (6) = (o i)y (68, — 67 )2k (—xL x VP)
= (o/iies(0) = — (o )iy (67 — 6F)- (o x V)

& = (1/2)(o/j) (Us.r(0) + Trs(0))
= (1/2) (o ) [y 2, - (= x V) — o -(x % VP)(6F,, — 0P)  (18)
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Fig. 13. Convergence curves for the free cylindrical shell problem with (a) the graded regular and (b) distorted meshes. The bold line represents the optimal

convergence rate.
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We note that these expressions are given using the individual nodal drill
rotations 67 and that these expressions need to be summed over the
edges I connecting nodes i and i + 1.

Hence the assumed strain-displacement relations corresponding to
the nodal drill rotations are

md 9? ~
™

] < jo|Br
@' =Bl 5| .B=" | B (19)
~md 3 J B,
€ 02

~5 ~6 ~6 ~7 ~7 ~8 ~8 ~5
B, = [hm.rcf hm.rcg hm,rcf - hm,rcz hm,rcz _hm.rcf hm,rcis - hm.rcrs}

ms>s ms"s ms"s ms"s ms"s ms=s ms>s ms>s

~ ~5 ~6 ~6 ~7 ~7 ~8 ~8 ~5
I P O S e R - G - " S S

7 5.7% 6 7% 6.7 7 77 7. .78 8 78 8.7° 5
_hm.rcs +hm‘rcs _hm,rcs +hm.rcs _hm.rcs +hm‘rcs _hm,rcs +hm.rcs
~6 ~7 ~7 ~5
6 7 7 8 8 5
hm.scr - hm.sc by et — hm,scr hm.scr - hm.scr ] ) ’

+ Fl's CS_ES ¢ r Umstr
(19b)

msr ms-r

¢ = X (=% X V7). ¢ = X, (%, X V7) (190)
with the membrane coefficients ¢! and ¢! per edge I. These expressions
can also be written as in simpler form

~6 ~6 ~8 ~8
_ 6 6 8 8
B [ _hm.rC h Cr _hm,rcr hm,rcr ]

T m,r
~7

7

_hm,scs

Ers = (1/2) ( I:E;.rcse 7}‘7311(:56 Hri,rcss 7Hm.rcss ]
~5 ~7 ~7 ~5 (19d)
+ [hm,scf _hm,scz hm,scz _hm.scf] )
Here we used the derivatives in Eq. (11) and edge coefficients c! and c!
(I =5,6,7,8).

Egs. (18) and (19d) give the strain field used in the present study,
attained from the displacements with the assumed interpolations in Eq.
(11), expressed in a simple explicit form. The equations are useful for the
implementation of the element.

However, in addition, we can also establish a physical meaning of the
strain field, using the MITC technique, and this meaning establishes also
the edge coefficients used in Eq. (19). We present this derivation in
Appendix A.

2.4. The transverse shear and in-plane strains

Considering the element transverse shear strain, for the MITC4 and
MITC4 + shell elements the strain field is based on the now classical
assumption a constant covariant transverse shear strain conditions along
the edges [6,19],

~ 1 1 _ 1 1
e = 5(1 +S)e£?) +§(1 — S)eﬁf)7est = E(1 +r)e§[C) +§(1 _ r)egtp)

(20)
where the tying points are shown in Fig. 5, and transverse shear strains
are obtained from Eq. (7).

Considering the element in-plane strain, the final drill-membrane
strain is obtained by a transformation of Eq. (18) to the element natu-
ral coordinate system (the (r, s) system)

e = (g8 (888 @n

10
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Fig. 14. Hyperboloid shell problem (E = 2.0 x 10'},v =1/3,L =1.0andpy =
1.0). (a) Problem description. (b) Graded regular mesh (8 x 8 mesh, t/L =
1/1000). (c) Distorted mesh pattern (4 x 4 mesh). (d) Distorted mesh used (8
x 8 mesh).

with g,-8° = 64,8 = £(0,0,0) = x,, andg =g(0,0,0) =m':. Hence the
base vectors g; and g' are constant over the element domain. Note that
for the MITC shell elements, the strain in Eq. (21) is calculated only once
through the thickness t, and the calculation of the coefficients c!, ¢! and
(gi@k) is only performed once per each element.

Considering next the individual elements, when including the drill-
membrane strain into the standard MITC4 element, the in-plane strain
in Eq. (9a) is modified to be.

e =¢f +e;;‘d —i—teg1 + tzeg.2 with ij=1,2 (22a)

This element is denoted as ‘MITC4 / D’. We also have for this element

Grs) = (&8)&e)| (22b)

g(r.s) = (&8)E )| i = 2gel (220)

(rs.

with g: = (gi'gi)|(r,s.0)'
m
i
using the element center coordinate to establish (g;). Further, the stan-

dard membrane strain egf can be expanded as

Here, e is the “standard” displacement-based strain but defined

€l = €rrloon, + €l S + €rslpy 5

e;'s[ = eSS'con. + essllin. T+ erxlbil. r2

m

1 1
€y = €rson + Eerrhm. T+ % liin, S =+ €rslp. TS (23a)
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Fig. 15. Convergence curves for the clamped hyperboloid shell problem with (a) the graded regular and (b) distorted meshes. The bold line represents the optimal

convergence rate.

with
errlcon, = Xr-Ur, ess‘con, = Xs-Us, erslwn, = %(xr'us + xs'ur),

errlin, = XrUg + Xq Ur, €y, = Xs'Ug + Xa-Us, €rsyy = Xa-Ug (23b)
For the MITC4 + shell element (that is, not considering yet the drilling
effect) the membrane strain is assumed to have the form

em(E)

~m _ m(A) m(B) m(C) m(D)
€; _a0|ijeﬂ +a |ye +ay|;en' +as |ijeﬂ +ay \ij "

™ ij<ss (243)
and we use the following two assumptions to improve the element
behavior, specifically to alleviate membrane-locking:

e =e(0,0) + ?a(r,s)(zg@ —gn®)s,
(24b)

3 — —
e =e"(0,0) + gl(r,s) (@O —gn®yr " — ¢m(0,0)

ss ss

with A(r,s) =JJ—9(r,s,0) and the tying points shown in Fig. 6. Then we
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obtain
~m _ Cr m| m ‘ m| Cs m m|
€rs b d Cr{€mlcon. T erslui. ) ~ Errlin. +E Cs | €ss|con. T+ ©rs i,
2¢,C
m rvs m
- eSS|1in.] + d €rs | con. (240)

¢ = Xa'& |50y € = Xa'lir50)p d = €& + ¢ —1.Eq. (24b) improves
the membrane behavior, and Eq. (24¢) improves the bending part of the
shell behavior by eliminating membrane locking.

The constants ak\ij withk =0, 1, 2, 3, 4, and 5 are given by

~m
err
T
e | =Q(r,s)R(r,s)S[en® en®) mC)  gmd)  gmik)] (25a)
~m
¢
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Fig. 16. Convergence curves for the free hyperboloid shell problem with (a) the graded regular and (b) distorted meshes. The bold line represents the optimal
convergence rate.

|, @l, @, al, |, m =317 - = (@) s 2 =1](€)*] - - @)?]. |,
|:aoss al‘ss a2|ss a3|ss a4|ss = Q(T‘,S)R(T‘, S)S (25b) ' 2 [( r) ’(A) ( r) (B)] ’ 2 [( r) ‘(A) ( r) ’(B)]
al, a a asl,  asl, =1 2 2
ls @il ol a3l a4l ns 2[(g) ’@Jr(gﬁ) ‘(E)]’
(1 + CrS)z (CSS)Z 2st(1 + c,s) ng = % [(grrg;)‘(Z)+(grrg;) (B) }’ ns = % [(grrg;)‘(mf(g:g‘;”(ﬁ) }’
Qrs)=1| (ar)? (1 +¢r)? 2¢,r(1 + ¢r) m = 1[(@)?]_ - ()2 m =1 [@)?] — (g)?
(1 +¢8) ¢s(1+cr) cresrs+ (1 +¢8)(1 4 ¢r) P [( 0 ‘(E) (&) ‘(5)] 272 [( ) ‘(E) (&) ‘(5)]
2 2
ms =5 [(&)° |, + @]
1//1+\/§nls V3n,s 2v3nss n3s mas nls/\/§
R(r,s)=2| V3Bmyr 1/2+V3mr 2v3msr mur msr myr/vV'3 1 1
0 0 1. 0 0 0 my = (@8] + @& |ms = 5 [€8) e — €&)]p| @5
1/2—ay 1/2—ap —a. —ap —ag The matrices Q, R, and S respectively arise from the transformation of
—ay —ag 1/2—a. 1/2—ap —ag the strain components. The coefficients require only few bases to be
Ss— 0 0 0 0 1 (25¢) calculated, and the computation is performed only once per element, see
1/2 -1/2 0 0 0

Appendix B.

0 0 1/2 -1/2 0 We note that the expressions in Eq. (24) include the improvements
aa s e ap a4 proposed in Ref. [8] for the MITC4 + element presented in Refs. [5,7].
a = c,(czrd—l)’ a = Cr(lg;l)’ a = cS(czsd—n’ ap = cs(czsdm’ ap = %, By adding the drill-membrane strain given in Eq. (21), we obtain the

12
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()

Fig. 17. Scordelis-Lo shell problem (E = 4.32 x 108, v = 0.0, R = 25.0, L = 25.0 and self-weight = 90 per unit surface area). (a) Problem description with graded
regular mesh (8 x 8 mesh). (b) Distorted mesh pattern (4 x 4 mesh). (c) Distorted mesh applied (8 x 8 mesh).

element denoted as ‘MITC4+ / D’.

ej :’ég,' +eg}d +tegl +12eg? with i,j=1,2 (26)

In the above sections, we presented the elements for linear analyses.
The formulations can directly be extended to nonlinear analyses using
the procedures given in Ref. [4]. There is only a special consideration on
how the total strain from the drill rotation can be measured and intro-
duced. Without using the nonlinear terms in the strain terms, we can use
the linear part of the strain given in Egs. (19) and (21) but we need to
accumulate the total drill rotation using always the instantaneous di-
rection (V) to obtain the total drill-strain (eg.'d) corresponding to the
total deformation.

We should also note that the above interpolation used for the MITC4
+ shell element might appear rather complicated when in fact it is
reasonably straight-forward in application. However, of course, related
research efforts may be pursued to simplify the formulation, see for
example Ref. [36], but then also the drill degree-of-freedom needs to be
embedded in an effective way.

13

3. Numerical Assessments

In this section we first discuss that the new MITC4,/D and MITC4+/D
elements pass the basic tests (including the patch tests) and then, to
indicate the capabilities of the MITC4/D element, we give the results of
some illustrative planar beam solutions. These studies are followed by
the evaluation of the new MITC4/D and MITC4+/D elements in shell
linear analyses, as advocated in refs. [1,4,5]. Finally, we give some re-
sults of nonlinear analyses. We note that the elements require only the 2
x 2 Gauss integration over the element surfaces.

In some analyses, we compare the performance of the elements with
the performance of the MITC4 element including incompatible modes,
see Ref. [4], which we call the MITC4-IC element.

All MITC elements presented in this paper and used in the solutions
below have been implemented in ADINA, version 24.0 of Bentley Sys-
tems, Inc. [21].

3.1. Basic tests including the patch tests

MITC/D and MITC4+/D elements pass the spatial isotropy test. The
elements pass the zero energy mode tests, and rigid body modes are
properly represented.
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Fig. 18. Convergence curves for the Scordelis-Lo shell problem with (a) the regular and (b) distorted meshes. The bold line represents the optimal convergence rate.

The patch tests are shown in Fig. 7. We consider the ‘strong form’ of
the patch tests [5,6,22,23], i.e. we require that the calculations give the
analytical solutions of constant and zero stresses throughout the patch
due to the applied loading. When considering the patch tests, it is
important that the ‘minimum boundary conditions’ are imposed to
constrain the patch from undergoing a rigid body motion. For each test,
the solution should then be the constant straining mode.

Fig. 7 shows in detail what boundary conditions are imposed when
including the drill degree of freedom 6, at the nodes for the extension,
bending, and shearing tests. We note that in all cases 6, is left free at the
element nodes except at the corner node B.

It is important that this strict form of the patch tests is performed,
and for the elements presented all tests are strictly passed. Also, the use
of 6, = 0 at the corner node C does not affect the results.

3.2. Illustrative solutions of 2D planar beam problems

We briefly show the in-plane performance of the MITC4/D element
when compared to the use of the MITC4 and MITC4-IC elements. In all
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problem solutions, using the MITC4/D and MITC4+/D shell elements
the drill rotation is left free except at the edges with prescribed
displacement boundary conditions. The reference solutions have been
calculated using Reissner beam theory.

First, we solve for the response of a straight slender cantilever beam
and consider a regular mesh and a distorted mesh of elements, see Fig. 8
[12,24,25]. The results are given in Table 1 and show that the MITC4/D
and MITC4+/D elements perform quite well when using Mesh type 1
also compared to the performance of the MITC4-IC element, but all el-
ements would need to be used with a much finer mesh when employing
Mesh type 2.

Next, we solve for the response of a thick curved cantilever beam, see
Fig. 9 [8,25,26]. The resulting displacements are given in Table 2 and
again the MITC4/D and MITC4+/D elements perform well.

Finally, we consider the response of the thick cantilever in Fig. 10
[12,18,22,25] and use regular and distorted meshes for the analysis. The
results are presented in Table 3 and here too, good response predictions
are observed using the MITC4/D and MITC4+/D elements.
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Fig. 19. Hinged spherical shell problem (E = 68.95, v = 0.3, R = 2540, a =b = 784.9 and t = 99.45). (a) Problem description. (b) Mesh used (3 x 3 mesh).
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Fig. 20. Load-displacement curves for the hinged spherical shell problem.

3.3. Convergence in solutions of linear shell problems

As discussed previously, see Ref. [1-5], a mathematical convergence
analysis of shell elements directed to solving general shell structures is
out of reach. Hence numerical tests need to be performed and these tests
should be well-designed and “all-encompassing™ considering membrane
dominated, bending-dominated and mixed shell behaviors.

In the MITC4/D and MITC4+/D formulations using the drill degree
of freedom, the “drill-membrane strain” can enhance the element
behavior in membrane and mixed membrane/bending dominated
conditions.

The shell structural analysis problems we consider below are all-
encompassing in behavior [1-5,27-29].

An important point is that a proper error norm needs to be used to
measure the convergence. We use the s-norm proposed by Hiller and
Bathe [27].
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Simply supported
(Hinged)

P/4

(b)

lu—u)? = /AsTArdQ with Ae = e —ep, AT =714 27)
Q

where u is the exact solution, uy is the solution of the finite element
discretization, and € and 7 are the strain and stress vectors. This is a
proper norm for investigating whether a finite element formulation
satisfies the consistency and inf-sup conditions [1,27,28].

Since an analytical solution is generally not available, an accurate
finite element solution using a very fine mesh u, is used instead. Hence
the s-norm is modified to be.
||ttres — uhHs2 = / AeT ATdQ, s WithAe = €ref — £, AT = Tper — T, (28)

Qref

To study the solution convergence of shell finite elements with

decreasing thicknesses, we use the normalized relative error Ej

ey —

By = S
[N

29

The theoretical convergence behavior, which corresponds to the optimal
convergence, is given by

» = Ch* (30)
in which C is a constant independent of the shell thickness t and h is the
element size. For 4-node shell elements, k = 2.

In the testing, we use decreasing shell thicknesses and study the so-
lution error measured in the s-norm to identify whether the discretiza-
tion scheme gives a close to optimal performance, that is, the error is
close to independent of the shell thickness and close to the value in Eq.
(30). The rotational boundary conditions are either applied in the global
system or in the local system using (@, f, y), as indicated in the
description of the problems.

3.3.1. Cylindrical shell problem

We solve the cylindrical shell problem described in Fig. 11 (a)
[1,2,3,28]. This shell structure has a single curvature and shows two
different asymptotic behaviors depending on the boundary conditions at
its ends: bending-dominated behavior when both ends are free and
membrane-dominated behavior when both ends are clamped.

The loading is a smoothly varying pressure p(0) (Fig. 11(b))

p(®)

Using symmetry, only the region ABCD in Fig. 11(a) is modeled. For the

= pocos(20) (31
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(b)

Fig. 21. Channel section beam problem, for the short channel section beam, E = 1.0 x 107, v = 0.333,L =36,b; =6,by =2,t; = t, = 0.05. For the long channel
section beam, E = 21000, v = 0.3, L = 900, b; = 30, b = 10, t; =1 and t; = 1.6. (a) Problem description. (b) Mesh used for short channel problem case.

160 T T T T T

140 | -
120
100
Load ( P ) 80
60

40

20

0 ] ] ] ] ]
0 0.5 1 1.5 2 25 3

Displacements (v, )

*—% MITC4/D
< & MITC4-IC

~+- -+ MITC4
-B--O- References [33,34]

Fig. 22. Load-displacement curves for the short channel section beam problem.

bending-dominated and membrane-dominated cases, the boundary
conditions are u, = a =y = 0 along BC, u, = f =y = 0 along DC, and
u; = f =y = 0 along AB. In addition, all degrees of freedom along AD
are left free for the free boundary condition case and set to zero for the
clamped boundary condition case.

Considering the clamped boundary condition, the regular mesh is
graded with a boundary layer of width 24/, see Refs. [1,3] for details. In
the free boundary condition, the graded mesh with a boundary layer of
width 0.5/t is considered [1]. We also perform the convergence studies
with the distorted meshes shown in Fig. 11(c), where each edge is dis-
cretized in the following ratio: Ly:Ly:Ls: ...... Ly=1:2:3:...... N for N x
N element mesh (Fig. 14 (b)).

The solutions are obtained with N x N element meshes (N = 4, 8, 16,
32 and 64). The element size is h = L/N. The reference solutions are
calculated using a 72 x 72 element undistorted mesh of MITC9 shell
elements.

Figs. 12 and 13 give the convergence curves in the solution of the
cylindrical shell problems with clamped and free boundary conditions,
respectively. All elements perform well in the clamped case using the
regular or distorted meshes. However, while all elements also perform
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Fig. 23. Load-displacement curves for the long channel section beam problem.

well in the problem free case with the regular mesh, when using the
distorted mesh, only the MITC4+/D shell element shows a close to
optimal convergence behavior.

3.3.2. Hyperboloid shell problems

An important problem to solve is the hyperboloid shell problem
shown in Fig. 14 (a) [1,5,27,31] because the structure has two and
opposing curvatures. The mid-surface of the shell structure is given by

P+ =1+y4ye[-1, 1] (32)
We apply the pressure loading used already above, given in Eq. (31). The
structure is bending-dominated when free along the boundary AB and
membrane-dominated when fixed along AB.

Using again symmetry, one-eighth of the structure corresponding to
the shaded region ABCD in Fig. 14(a) is modeled for the analysis. We test
the elements in the bending-dominated case with the boundary condi-
tions u, = f =y =0 along BC, uy = =y =0 along AD, and uy = a =
y =0 along DC and all degrees free along AB. For the membrane-
dominated case, the same boundary conditions are used along the
symmetry lines, but the clamped boundary condition is imposed using
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Fig. 24. Deformed shapes for the short channel-section beam when using the
MITC4 /D element for the solution.
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Fig. 25. Deformations of the long channel-section beam using the MITC4 / D
element for the solution.

Uy =uy, =U; =a=f =y=0along AB.

The solutions are calculated using N x N element meshes (N = 4, 8,
16, 32 and 64). The element sizeish = L/N. A 72 x 72 element mesh of
undistorted MITC9 shell elements is used to obtain the reference
solutions.

We use again a regular mesh and a distorted mesh. With the regular
mesh, we grade the mesh of width 0.5+/% for the free boundary condition
and 6./t for the clamped boundary condition [1,27,31]. Using the dis-
torted mesh, we apply the distortion pattern in Fig. 14(c), where for the
N x N element mesh, each edge is discretized in the ratio Ly:Ly:L3: ......
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Fig. 26. An ad-hoc structure of two plates modeled with a very coarse ideali-
zation (E = 2.1 x 105, v = 0.0, L. =20, H =2 and t = 0.1). The plates are each
subjected to the end-moment M, are connected by five beam elements (a =b =
0.1, E =21x 108, G = 1.05 x 10%) and are also subjected to the corner tip
loads P as shown (magnitude of P = MH/2). Since the plates undergo large
displacements, see Fig. 27, we need to use shell elements to model the plates.

Ly=1:2:3:...... N, see Fig. 14(d).

Fig. 15 Shows the convergence of the solutions considering the
clamped hyperboloid shell problem. All elements perform well in both
mesh configurations

Fig. 16 gives the results considering the free hyperboloid shell
problem. When the non-distorted mesh is used, all elements perform
well. However, using the distorted mesh, only the MITC4+/D shows
close to optimal behavior.

3.3.3. A shell problem with mixed membrane-bending actions

We consider the Scordelis-Lo shell shown in Fig. 17(a), see Refs.
[6,8,19,29,30]. The shell is supported by rigid diaphragms at the ends
and is free along the longitudinal edges which induces mixed
membrane-bending behavior in the shell interior. This behavior corre-
sponds in essence to a superposition of the membrane- and bending-
dominant behaviors seen in the elliptical shell problems solved above.

Using symmetry, only the shaded region ABCD in Fig. 17(a) was
modeled for analysis. The following boundary conditions are employed:
u, = =y = 0 along DC, the condition of the rigid-diaphragm u,, = u, =
f = 0 along AD and the symmetry conditions uy, = @ = y = 0 along BC.
As load, self-weight in the u,—direction was applied.

The solutions are calculated using N x N element meshes, with the
distorted mesh patterns shown in Fig. 17(b) and 17(c). The use of the
distorted meshes substantially tests, in particular, the performance of
the shell elements. A non-distorted mesh of 72 x 72 MITC9 shell
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Fig. 27. Load-displacement curves for the ad-hoc problems of Fig. 26. (a) Load case in Fig. 26(a). (b) Load case in Fig. 26(b).

elements was used to obtain the reference solution.

Fig. 18 shows the convergence graphs of the elements used. The
MITC4+/D element converges significantly better than the MITC4
element, and indeed also better than the shell elements earlier presented
in Refs. [5,7,8].

3.4. Geometric nonlinear analyses

The purpose of this section is to illustrate the use of the elements in
nonlinear analyses. In addition, we also illustrate how the elements can
be used when intersecting shells need be modeled (like when analyzing a
channel).

For the problems solved, the response predictions using the MITC4/D
and MITC4+/D shell elements are almost identical.

3.4.1. Hinged spherical shell problem

We consider the hinged spherical shell problem in Fig. 19 [4,19].
Utilizing symmetry, only one-quarter of the structure corresponding to
the shaded region ABCD in Fig. 19(a) is modeled for the analysis. The
symmetry boundary conditions are imposed as uy, = 6, = 6, = 0 along
AB and uy = 6 = 6, = 0 along AD. The edges are simply supported with
u, = u, = u, = 0 along BC and DC. The drill degrees of freedom were not
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restrained, and a very coarse mesh of 3 x 3 elements was used, see
Fig. 19(b).

We required the analysis to find the load-displacement path and
used the arc-length method or ‘Load-Displacement Control’ in ADINA
[32]. The solutions were calculated until the downward displacement at
point A exceeded the threshold value of 300. The analytical reference
solution was furnished by Leichester [19].

Fig. 20 Shows the calculated load-displacement curves using the
elements. It is remarkable that the solutions using all elements in this
coarse mesh predict a response reasonably close to the reference
solution

3.4.2. Channel section beam problems

We consider and solve the channel section beam problems referred to
in Fig. 21 [33,34]. The beam can be either short or long. These cases are
known to exhibit very different behaviors. The response of a short
channel section beam is dominated by a local behavior (local buckling),
while long channel section beams are dominated by a global behavior.

Fig. 22 presents the load-displacement curve of a short channel
section beam compared to the solutions in Refs. [33,34] and Fig. 23
shows the load-displacement curve of a long channel section beam
compared to the solutions in these references. The solutions obtained
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using the MITC4/D element discretizations follow closely the earlier
published results (and in Fig. 22 closer than when using the MITC4 shell
element). The deformed shapes given in Fig. 24 and Fig. 25 show the
presence of local and global buckling, as also displayed in Refs [33,34].

3.4.3. An ad hoc problem of shell to beam connection

merely to show the usefulness of the shell elements when beams need
to be connected, see Fig. 26. Two parallel plates are modeled with
meshes of 5 x 2 shell elements. Beam elements using all 6 degrees of
freedom are connecting the plates along their centerlines. We use shell
elements for the plate structures because large displacements are ex-
pected in the response. However, the finite element idealizations are
rather coarse for this simple demonstration and we cannot expect high
accuracy in the solutions.

We compare the response obtained using the MITC4/D and MITC4-
IC elements where the MITC4-IC element formulation does not include
the drill degrees of freedom and corresponding strain enhancements.
Fig. 27 presents the load-displacement curves of the finite element
models. Our new MITC4/D element with the drill degrees of freedom
shows the full large displacement response without difficulties, whereas
the model using the MITC4-IC element no longer converges at a rela-
tively small load. In analyses only requiring five degrees of freedom at
the nodes, the MITC4-IC element frequently performs better than the
MITC4 element. However, in this case requiring six degrees of freedom
at the nodes, as expected, the incompatible modes do not help in the
response prediction.

4. Concluding remarks

We presented a further development of the quadrilateral MITC shell
elements to include the drill rotational degree of freedom at the nodes.
This solution feature can be important in the analysis of practical en-
gineering problems.

The MITC4/D element includes the drill rotational degree of freedom
in the widely used MITC4 element. A further development is the
MITC4+/D shell element. Both element developments include the dril-
ling stiffness using the fundamental scheme proposed by DJ Allman
[10,11]. An important point, however, is that the MITC4/D and
MITC4+/D elements are in general not of flat geometry and the bending

Appendix A. Insight into the strain assumptions in Eq. (19)
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and membrane actions are fully coupled in their interiors. This interior
coupling is important in general shell analyses [1].

The new elements pass all basic tests and provide stable solutions
when used in the analysis of intersecting shells and when connected to
beam elements. The elements employ all six standard degrees of freedom
at the nodes, like used with beam elements.

While the use of the drilling degree of freedom provides in linear
analysis an improvement in modeling features, the use of this degree of
freedom can also be important in geometrically nonlinear analyses. We
demonstrated the use of the new MITC4/D element in some nonlinear
solutions, noting that the use of the MITC4+/D element gives in these
analyses almost identical response predictions.

Considering future research, it would be valuable to study the per-
formance of the MITC elements when used as “overlapping elements”, in
particular, in the AMORE scheme, see Refs. [5,16,35]. Also, it may be
effective to use the drill rotational degree of freedom only at certain
nodes of the shell elements, namely only at those that connect shells to
beams or at intersecting shells.
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We obtain further insight into the strain field of Eq. (19) by considering the derivation using the displacement-based strain and the MITC technique.

Consider the drill-membrane strain

- jo [1 _ 1 _

&) =2 [0 495 01, + 50 -98,0),

- jo [1 _ 1 _

0 =" |30+ ), + 50 e,

~ 1jo 1 _ 1 _ 1 _ 1 _

es(0) = by ]_(-) I:E (1 +s)es(0)]y + 5(1 = s)en(0)],__y + 2 (1 +r)es(0))—, + ) (1 =rex(0)]—, A1
withs =1,s = —1,r = 1 andr = —1 corresponding to the location of edges’ in Fig. 4(b), and (1 +s),1(1 —s),2 (1 +r) and (1 — r) are respective

functions at tied edges and%? is the volume ratio of the element domain.

We can show the equivalence of the strain in Eq. (18) (and Eq. (19d)) to the strain expressions in Eq. (A.1). The strain in Eq. (18) using the

interpolation in Eq. (11) is expanded as
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where we note that compared with the standard displacement-based membrane strain (¢! and e}) in Eq. (23a), the new strain terms (E:‘rd and E;’S'd) add

additional terms in r and s, respectively.
The strain in Eq. (A.1) is now expanded as follows. Using Egs. (10), (17a) and substituting in Eq. (A.1), we obtain

I = 68 — (- x V)

a0 =21 +3 b=

B0 + )y,

20 A0, — Pl x V)
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which gives the strain Eq. (A.1) at the edges I. Then using Eq. (19c) we have

(67 —63)
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Therefore, ¢;(0) = EZ-’d(H), which reveals the physical meaning of Eq. (11), namely that of tying strains at the element edges.
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Appendix B. Computation of coefficients in Eq. (24)

From the definition of the coefficients g]‘ considering Fig. 6, we have

&la =x¢ |<o,%,o>gﬂ® =g ‘(o,ﬁo)g”@) =xgl, J%‘))gﬂ@ =xg |<0f%,0>

&l =x€ l&%o,o)’gﬂ(a - xS'gs‘%-,o,o)’g: |5 =% ‘<*%@o,o)’g§|(ﬁ> =xg ‘<*%,0A,0)' (B.1)

Using Eq. (40), and 3y = g|,,0,€'| . we obtain
— 1 1 P _ 1 1 — s
X8l 1y 1 RE 050581, — g 0550 — 5
g1 — g (0,0 = — kg1 =1 g (- 0,0) (B.2)
58, % 00) \/gxd J3 /38 % 0.0) \/—Xd 3o :

where we used that g(a,0,0) = g7(0,0,0) =m" and g°(0,a.0) = g°(0,0,0) = m’ for any a, and the coefficients ¢ = x4-g |50y = XaM', s = Xg*
§’|(,7510) = xg-m°® in Eq. (24c¢).

Hence, only the following base vectors (and their conjugates) are required to determine all coefficients in Eq. (24)

Xry X5, Xd, gr(o’%v 0)» gr(ov 7%57 0)’ gs(%’ 0’ 0)185(7%57 07 0)
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